ON THE HIGHER ORDER CONFORMAL CO VARIANT 
OPERATORS ON THE SPHERE 

FENGBO HANG 

Abstract. We will show that in the conformal class of the standard met- 

1m — n 

ric ggn on S n , the scaling invariant functional (/x g (5™)) » J sn Q2m,gdfJ, g 

2 ul 2 

?2m,a is the 2mth order Q-curvature. 



maximizes at 3511 when n is odd and m = or . For n odd and 

m n+5 [ g s „ i s no t stable and the functional has no local maximizer. Here 



1. Introduction 

Let A g be a differential operator on a n-dimensional Riemannian manifold (M, g). 
Recall that we say A is conformally covariant of bidegree (a, b) if for any u,w € 
C°° (M), 

A e2m9 w = e~ bw A g (e aw u) . 

The most well known conformal covariant operators are the Laplacian operator on 
a surface, which is of bidegree (0, 2) and the conformal Laplacian operator on a 
manifold of dimension n > 3, 



71- 2 

4(n- 1)" 



which is of bidegree Here i? denotes the scalar curvature. They play 

important role in the study of Gaussian curvature and scalar curvature. Besides 
these two examples, on a four dimensional manifold, the fourth order Paneitz oper- 
ator discovered in jP], which is of bidegree (0,4), has demonstrated its importance 
in conformal geometry recently (cf. |CGYj ). According to FG1, GJMS . IBrj . there 
exists a sequence of conformal covariant operators which contain the three examples 
above (see also |FG21 IGZj ). Indeed, if m is a positive integer such that either n is 
odd and n > 3, or n is even and 2m < n, there exists a conformally covariant oper- 
ator Pi m of bidegree ( "~ 2 2m , " + 2 2m ) ■ Moreover, the leading term of P<i m is equal to 
(— A g ) m and on M" with standard metric, Pim = (— A) m . It is an interesting fact 
pointed out by [Gj [GH that the condition 2m < n is necessary when n > 4 is even. 
For recent developments related to these operators, one should refer to [A] [C] and 
the references therein. 

In general, it seems very hard to have an explicit formula for the operators Pi m . 
However, on S n with standard metric, P2m has a nice expression as (see part (f) of 
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theorem 2.8 in [Br]) 

m — 1 

(1-1) P2m= J] (- AS "-( Z+ ?) + 1 



We note that one does not require 2m < n when n is even in this special case (see 
Section [2.11 for more information). 

Assume n > 3, let gs^ be the standard metric on S n , then we know (see chapter 
V of [SY| ) 



r(5 n ) 



inf 



Im 9 (^")" 

nCn-lJCMs-^))" 



.9 = p 2 .95",peC°° (5 n ,R),p>0 



That is, the functional minimizes at the standard metric. Here R g is the scalar cur- 
vature of g and fi g is the measure associated with g. Moreover g is a critical metric 
if and only if g = c • 4>*gs n for some positive number c and Mobius transformation 
</>, and all of them are minimizers. In terms of the conformal Laplacian operator, 
we have 



Y (S n ) = inf ■ 



4 (n — 1) J S n L s ^u ■ ud/JS" 



n-2 



Is 



ueC ,co (5 n ,R),u>0 



and the minimizing value is reached at u — 1, moreover, u is a critical point if and 

71-2 

only if u — c ■ J^ 2 " for some positive number c and Mobius transformation <fi. Here 
denotes the Jacobian of (j>. Using the stereographic projection from S n \ {N} 
(N is the north pole of S n ) to E" and the simple fact that for any u € C°° (S n ), 
u > 0, we may find a sequence S (S n \{N}), Ui > such that — > u in 
H 1 (S'™), we see 



y (5 n ) 



inf 



= inf 



4 (n - 1) / R „ |Vy?| 2 rfMg 
n-2 / ^ 

4 (n-l) / R „ |Vy>| 2 rf/x; 

(/r« V^dW 



<pe C C °°(R"),^> 0,(^^0 



In particular, the statement that the standard metric is a minimizer is equivalent 
to the sharp Sobolev inequalities studied earlier in [Aul IT] . 

When n — 2, the parallel statement is that the standard metric 1752 has the 
maximal determinant among all smooth metrics g — e 2u gg2 with /j, g {S 2 ) — Air (see 
theorem 1 of [OPS] ). More precisely, we have the Polyakov formula 



log- 



dot' A P 2 t 



ff s 2 



det' A52 



/ | Vu| 2 d/1,52 f udfig2 

127T J S 2 6ir J S 2 
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for u <E C°° (S* 2 ) with J„ 2 e 2u d^s 2 — 47r, and the Onofri inequality 

log (-^ e 2u d^ s ^j <^J s2 l v "| 2 d Ps 2 + udus? 

iorueC 00 (S 2 ). 

When 2m < n, the Q-curvature Q2m.g is given by 

2 



n — 2m 



(cf. theorem 1.1 of [Brj). We have 

Ylm (S n ) 



inf ■ 



inf < 



inf < 



/s " Q2m ^ 9 : 5 = P 2 5S-,P 6 C- (S»R) ,p > 



(M 9 (S n ))" 

2 J s „ P2mU ■ ud[i S " 

n — 2m 



J Rn |£>"V| 2 (fa 



tieC°° (5™,M),u>0 



n — 2m 



oo Aran 



) > 0,<p 



It follows from |Liel ILinl ILiol [Sj IWX| that the standard metric gs^ is a minimizcr 
(i.e. u = 1 is a minimizer). The case 2m = n was treated in [Bj ICY! ILiej . When 
2m > n, for Q2m,g = w _2m Pim,g1- (assume n is odd, see theorem 1.1 in [Br]), we 
have 



Yim (S ) 

= sup|( M9 (5")) ; 

9 

inf 



n — 2m 



Q 2ro , 9 d/x s : 5 = P 2 3s- , p € C°° (5™, M) , p > 



P 2m u • ud/*s» :u€C co (S n ,R),u>0 



We are motivated to ask the following question: Is the standard metric 5511 a 
maximizer? Or equivalently: Is 



(1.2) B 2m (S n ) 

= inf||«- 1 |* a J S L_ (Sn) jf P 2m u-udfi S n :u€C°°(S n ,®.),u>0 

achieved at it = 1? Due to the existence of negative power, this variational problem 
is analytically different from the case 2m < n. The answer to the above question 
would shed some light on the understanding of the now still mysterious Q-curvature 
with 2m > n. We remark that the operator P2 on S 1 appears naturally in the 
study of self-similar solutions for the anisotropic affine curve shortening problem 
(cf. [AC Wj ) . In particular, the variational problem (|1.2j) indeed has u — 1 as a 
minimizer in this case (see proposition 1.3 in [ACW]). Another interesting case 
of P4 on S 3 was solved affirmatively in [YZj (see section 7 of |HY] for a different 
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proof). The main aim of this note is to resolve all the remaining cases. To state 
the result, we introduce some notations. 
For ii,!)eC°° (S"\ E), we denote 



(1.3) E 2m (u,v) = / P 2m u-vdLi S n. 

By integration by parts and the standard approximation argument, we know E 2m 
has a unique bounded symmetric bilinear extension to H m (S n ) x H m (S n ). Here 
H m ( 5 n) = W m,2 (gny Denote 

(1.4) E 2m (u) = E 2m (u, u) for u G ff m (5") . 
Assume 2m > n, then H m (S n ) C C (S n ), hence we may define 

(1.5) V m = {it S H m (S n ) :u>0 everywhere} . 
Denote 

(1.6) I 2m («) = In" 1 ^^^ . £ 2m (u) , B 2m (S n ) = inf 7 2m («) . 

Theorem 1.1. Let P 2m be the 2mth order conformal covariant operator on S n (see 
hl.l}) ). E 2m , V m , I 2m and B 2m (S n ) be defined as in hl.3\) . U.5\) and hi. 6}) . 

(i) If n is odd and m = then for any u S H~r~ (S n ), u > 0, 
h" 1 !^^) E n+l (u) > E n+l (1) ( Ms - (5")) 1/n 

(2n)l / \ " 



2 2n+l .„? I (a=l)] 



Moreover, all the minimizers of I n +\ on Vn+i are of the form cJ ^ 2 " for 
some c > and Mobius transformation <j). Here is the Jacobian of </>. 
(ii) J/n is odd and m = ^y^, i/ien for any u <E H~^~ (S n ), u > 0, 

In" 1 !* - ,_„. S„ +3 (u) > E n+3 (1) ( Ms „ (S")) 3/ " 



3 ■ (2n + l)! / 277^ 



22n+3 . n \ I ( "~ X ) I / 

3_ 

Again, all the minimizers of I n +3 in Vn+3 are of the form cJ^ 2 " for some 
c > and Mobius transformation cf>. 

(iii) If n is odd and m > then I 2m has no local minimizer in V 2m . Indeed, 
all the critical points of I 2m in V m are unstable. 

(iv) If n is even and m > then P 2m > ; moreover 

ker P 2m — ■ p is a polynomial on M ,l+1 with degp < m — — j . 

In particular, I 2rn minimizes at u — 1 and aZ/ £/ie minimizers of I 2m in V m 
are of the form p\ s „, where p is a polynomial of degree less than or equal 
to m — § and p\ s „ > 0. 
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To get a feeling of the inequalities proved here, note that for Pi on S 1 , what we 
have got is 

(1.7) J u~ 2 d6 J (u 2 e - ^u 2 ^j d6 > -7T 2 

for u € C°° (S 1 ), u > 0. This inequality was proved earlier in proposition 1.3 of 
For P4 on S 1 , what we have got is 

(1.8) (J si u-^de} 3 (ule - \ul + ^ d0 > 9tt 4 

for all u £ C°° (5' 1 ), w > 0. It is interesting to note that if we take u = sin#, then 
the left hand side of (|1.8|) is a finite negative number. Hence the condition u > is 
crucial for the validity of (jl.8[) . 

The article will be written as follows: In Section [21 we will give an elementary ar- 
gument for the expression of Pim on S n (cf. (|1.1| ) and its invariant property under 
the Mobius transformation, then we will discuss when a Sobolev function can be 
approximated by functions vanishing near a given point. After these preparations, 
we shall prove Theorem II .11 in Section [3] In Section [4] we give a somewhat different 
argument for Theorem 1 1 . 1 1 based on the barycenter analysis. In the last section we 
make some remarks concerning the proof of (|1.8|) given in the recent preprint [NZj . 

Acknowledgment: The research of the author is supported by National Science 
Foundation Grant DMS-0209504. We would like to thank Paul Yang for valuable 
discussions. 



2. Some preparations 

First let us fix the notation for stereographic projection from the punctured 
sphere to the Euclidean space which we will use later. For any £ G S n , let 

^ = {ze R rl+1 : z>£ = 0} . 

For every z e M n+1 , 

z = z' + t£ = (z',t£), z'e^.iei 
The stereographic projection is 

its inverse is 



We have 



2x \x\ 2 -l 



\x\ 2 + l' \x\ 2 + l 



7T ^ 1 ) 9S" = — y^dxj ®dxj, 

(l + \x\ 2 ) ,=i 

here x\ , ■ ■ ■ , x n is the coordinate on £ with respect to any fixed orthonormal frame 
of^ x . 
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For A > 0, we have a Mobius transformation (£) = 71^ (Xn^ (()), it satisfies 

a 2 (i + H 5 



2.1. An elementary argument to derive the expression of P^m and its 
properties. In this subsection, we will derive the expression of Pi m on S n by an 
elementary induction argument. Along the way, we shall also derive the trans- 
formation law of i-2m which we will use later. In principle, it makes the proof of 
inequalities in Theorem 11.11 self-contained . We should point out that the expression 
of i"2m on S n was explicitly written down in the part (f) of theorem 2.8 in [Br] , 

Lemma 2.1. Let u be a smooth function on a domain in 1™, and m be a nonneg- 
ative integer, then 



l + \x[ 



1+ \x[ 



m+l 



A m u 



+ m (to + 1) 



■ m+l 



1+ arr 



Proof. By induction on k, we know for any natural number k, 
A k u] =k{2k + n-2)A k - 1 u + 2k s jr Xl A k - 1 d l i 



Then we have 



A 



1 + ld 



m+l 



A'' 



+ m (to + 1) 



1 + Id 



(to + 1) (2m + n) 



l + \x\' 



A m u + 2(m+l) 



l + \x\' 



m+l 



v m+l 



A r ' 



1 + \x\ 



l + \x\' 



A k u. 



1 + x 



A 



m+l 



l + \x\ 



□ 

Lemma 2.2. Let m be a natural number and the 2mth order operator Ai m be given 
by 

m — 1 



A 2m = Yl 



-Ac 



,(n-2) 



- i (i + 1) 



Denote N as the north pole of S n and 7r/v as the stereographic projection from 
S n \{N} to K™, then for any smooth function u defined on a domain in W l , we 
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have 



A 2m (u o ir N ) 



1 + Id 



(-AY 



l + \x\ 



O TT N . 



In particular, this tells us on S n , 



TIL — 1 

P2m = A 2m = Yl (-A s » - (i + I ) (i - | + l)) 



i=0 



Proof. We may identify S n \ {N} as M™ through 7Tjv, then 



This implies 



1 + 14 
2 



i + N 

2 



1 + 14 

2 



i + M 

2 



i+4 



3s™ = 



(i + N 2 ) - 



n-2 



n-2 



n-1 



1+4 



Au - (n - 2) ^ 



v i+ n 



Au - (n - 2) ^ 



A 



A 



1 + \x\ 
2 



u - A 



~T V 1 + N 

2 \ ~ 



1 + bl' 



1 + ld 



n(n- 2) 
u H — -u. 



This shows 



n (n - 2) 



i + N 



(-A) 



1 + 



and verifies the lemma for to = 1. 

Assume the conclusion is true for to, then we have 
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A 



2(m+l)U 



n (n — 2) 
4 

n (n — 2) 



m (m + 1) ) A 2m u 



m (m + 1) 



1 + 1*1 



m (m + 1) 



.i + NV 

n + 2 
2 

(-A) 



1 + b 



Vi + NV 

(-A)' 



(-AY 



1+ x 



1+ ar" 



1 + as ' 



m+1 



i+kr 



.1 + 14 
i + N : 



Vi + K 

71+2(771 + 1) 

2 

(-A) 



(~A) m 

— rn 

| (-A) rn+1 



l + \x[ 



n-2(m+l) 



.i+i< 

,.-2(m+l) 



m+1 



1 + b 



We have used the Lemma 12.11 in the fourth step 



□ 



The following basic fact about the Kelvin transformation is an easy corollary of 
the above calculations. 

Corollary 2.1. Assume u is a smooth function. For any Mobius transformation 
(f> on W l U {oo}, denote 

n-2m 

= J<j, 2n • u o <p, 

here J$ is the Jacobian of <f>, then 

(-A) m = Jf^ ((-A) m u) o </>. 

Proof. Since the Mobius transformation group is generated by orthogonal transfor- 
mation, translation, dilation and inversion, we only need to verify the corollary for 
these special ones. The only nontrivial case is the inversion. Let tj> (x) — be 

the inversion map. We may identify S n \ {N} with R n through the stereographic 
projection ttn, then <j)*gsn = <?g». It follows that for any function v smooth away 
from 0, we have 

(P2mV) o(j> = P 2m (v o (j>) . 

Let 
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then 



It follows from Lemma [2.21 that 

{{P2mV) O (j)) (x) = 



{V o (f) (x) = —2 W (x) . 

V 1 + \x\ / 



n+2m 




and 



P 2ro (W)(*) = — (-A) m ^(*)- 

The corollary follows from these two equalities. □ 

It follows from Lemma 12.21 and Corollary 12.11 that 

Corollary 2.2. Let u be a smooth function on S n , <f> be a Mobius transformation 
on S n , 



then 



._ 



P2m,U (t> = J 2 " • (P2mU) O 0, 

and 

E 2m (u<p) = / P 2m U4> ■ u^dfis^ = / P 2m u ■ udfis^ = E 2m (u) ■ 

By Lemma |2.2[ we may deduce that when n is odd, the Green's function of Pi rt 
at £ £ S n is equal to 

nTn—n—l 

(2-1) G t rn 



1 



(m-l)!jJ(n-2i)-w B (l + k e | 2 
here w n is the volume of the unit ball in M. n . 

2.2. Approximation of a Sobolev function by functions vanishing near a 
point. To fully take advantage of the conformal covariant property of the operator 
P2m-, we need to open the punctured sphere as the Euclidean space. Hence it is 
useful to understand when a Sobolev function may be approximated by a sequence 
of Sobolev functions which vanish near a point. 

Let u be a function defined on an open subset of R n , for any k > 0, we denote 

D k u={d lll2 ... ik u) 1 < iu ... lk < n . 

We also use the convention D°u = u. 

Lemma 2.3. Assume 1 < p < oo, u G W m,p (B^) . Let k be the smallest non- 
negative integer with k > m — ^ . If D J u(0) = for < j < k (note that the 
condition makes sense by the Sobolev embedding theorem, also the condition is void 
when k = 0), then we may find a sequence of smooth functions m € C°° (Si) such 
that D^Ui (0) = for < j < k and u t -> u in W m ' p (Si). 
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Proof. If k = 0, the conclusion is trivial. Assume k > 1, then it follows from 
Sobolev embedding theorem that W m ' p (Bi) C C fc_1 (-Bi). First we may find a 
sequence Vi £ C°° (Pn) such that Vi — > u in W m ' p (Pi), then the sequence 

Ui (a;) = «i (X) - > j — x 

a|<fc 

satisfies the requirement in the lemma. □ 

We have the following approximation result, which is a generalization of lemma 
2.2 in [HY] . 

Proposition 2.1. Assume 1 < p < oo, u £ W m ' p (B™). Let k be the smallest 
nonnegative integer such that k > m — — . // D J u (0) = /or < j < /c, &en we 
may /ind a sequence Ui £ W m,p (P") smc/i f/iai = near i/ie origin, ui — u on 
B 1 \B 1/2 and u, -> u in W m ' p (P™). 

Proof. Fix a 77 G C°° (M«) such that < 7j < 1, ?7 (a;) = 1 for x £ Si and (z) = 
for a; € M n \P 2 . For A > 0, we let r) X (x) =v(f)- 

First we claim that if v £ C°° (Bi) such that D^v (0) = for < j < k, then we 
may find a sequence Vi £ C°° (Pi) such that u, — » v in W/ m ' p and is zero 
near the origin. Indeed, let w E = r\ e ■ v. In the case when (m — k)p < n, we have 

m 

\D m w £ (x)\ <c{m,n)J2z J ~ m \D j v(x)\ < c (to, n, u) e fe " m , 
and this implies 

l^ m ^| LP(Bl) <c(m,n,v)e k - m+ i -> 

as e — > + . Hence v £ = v — w e is the needed approximation function. When 
(to — k)p = n, we only know v E = v — w e is bounded in W m ' p (-Bi) and converges 
to 1; in LP (Bi). Since 1 < p < 00, we may find a subsequence w £i — »■ v in Ty™' 23 (Pi). 
The claim follows from the standard result in functional analysis. Indeed, let 



A = co{v E : <e < — 
16 



here "co" means the convex hull and the closure is taken in W m,p (Bi). By theorem 
2 of chapter 12 in [L], we know A is weakly closed, in particular, v £ A. This verifies 
the claim in the case (to — k) p — n. We remark that one may have a constructive 
proof for this case too. 

For any e > 0, by Lemma [231 we may find a v £ C°° (Pi) such that \u — v\ Wm , P ^ Bl ^ < 
e and D^v (0) = for < j < k. Then by the above claim we may find a 
v £ C°° (Pi) such that v = near the origin and \v — v\ WmiP ^ Bi ^ < e. Let 
u = (l — riii^) u + Vi/sV) then u = near the origin, u = u on Pi\Pi/ 2 and 
|u — — c ( m >P> n ) £ - The proposition follows. □ 

The same argument will give us the following 

Proposition 2.2. Let u £ W 171 ' 1 (Bf) such that D^u (0) = for < j < m - n, 

then we may find a sequence Ui £ W™ 1,1 (B") such that Ui ~ near the origin, 
Ui = u on B\\Bi/2 and Ui — ► u in W" 1 ' 1 (P™). 
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3. The proof of Theorem 11.11 

3.1. n is odd and m = In this subsection, we will prove part (i) of Theorem 

11.11 A crucial ingredient is the following observation, which should be compared 
with lemma 7.1 in [HY|. 

Lemma 3.1. Assume n is odd and u £ H~t~ (S n ) such that u (N) — 0, here N is 
the north pole of S" , then we know 



1+ x 



(tt^Ot)) £ L 2 (R n ) 



and 



E n+ i (u) 



1 + x 



{«N (*)) 



dx. 



HereD k f(x) = (d il ... i J(x)) 1 < iu . 



,i k <n' 



Proof. By Proposition 12. II we may find a sequence Ui £ C°° (S n ) such that ui = 
near N and Ui — > m in (S" 1 ). By LemmaHJ we see 

2 



1 + bl 



(w, - Uj) (tt^ 1 (a;)) 



rf.r 



1+ x 



( Ui - u 3 -) (tt^ 1 (a:)) • (-A) 



s±i / 1 + bl 



(ui - Uj) (tt^ 1 (x)) dx 



= E n+ i (ui - Uj) -> 

as i, j — > oo. Hence we may find a vector valued function F £ L 2 (R™) such that 



D~ 



1 + b 



i< (tt^ 1 (x)) ^ F in L 2 (R n ) . 



This clearly implies 



1+ xl 



^(x))) = F £ L 2 (R™) 



On the other hand, since 



letting i — * oo, we get 



«±i . i + w 



1 + Id 



(*)) 



dx = B n +i (Mi) . 



dx = E n+1 (u) . 



□ 
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Corollary 3.1. Assume n is odd, u £ H-*- (S n ) and £ £ S n such that u (£) = 0, 

/ 2\ _1/2 

then E n +i (u) > 0. Moreover, E n +i (u) — if and only ifu = const • I 1 + \tt^\ J , 
here ir^ is the stereographic projection defined at the beginning of Section\M 

Proof. Without losing of generality, we may assume £ = N. If E (u) = 0, then it 
follows from Lemma |3. II that \J ' ' u {^n 1 ( x )) mus t be a polynomial. On the 
other hand, since (S n ) C (S n ) and u (N) — 0, we see 

{*N (*)) 



- LJ - ■ U I 



< c (u) y\x\ 



for |x| large. This shows \J • u (nj^ 1 {x}) = const. The corollary follows. □ 



Now we are prepared to prove the part (i) of Theorem ll.il The arguments should 
be compared to the proof in section 7 of |HY| for theorem 1.2 there. 

Proof of part (i) of Theorem \l.l\ The key point is to show the minimizing value of 
I n+ i over Vn+i, B n+ i (S n ), is reached by some functions. Note that B n+ i (S n ) < 
I n +i (1) < 0. Choose a minimizing sequence Uj £ Vn+i for I n +i- By scaling and 
rotation, we may assume 

max it; = 1, miniti = Ui (N) . 

s „ S n 

Here S is the south pole of S n . For i large enough, we know E n+ i (ui) < 0. By the 
interpolation inequality, we see 

E n+ i (u^ > c\ui\ 2 H n±i - c\ui\ 2 L2{sn) , 
this gives us \v,i\ n+i < c. After passing to a subsequence, we may find a 

H 2 (S n ) 

u £ H~5~ (S n ) such that u, — ^ u in H~5~ {S n ). This implies Ui — > u uniformly on 
S n and hence u > 0, 



(3.1) maxu=l, mmu-u(N). 



-> lit -1 ! 



If u > 0, then u i 1 — > u 1 uniformly on S n . Hence \u i \ 
By the lower semicontinuity we see 

E n +i (u) < lim inf E n+1 (m) , 

i — >oo 

hence we see 

B n +i (S n ) < |m _1 |^ 2 „ (s „ ) E n+1 (u) < lim _in£ |^ 2 „ (s „ ) E n+1 (m) = B n+1 (S n ) , 

and u is a minimizer. 

If u vanishes at some point, say £ £ S n . It follows from lower semicontinuity 

( 2\~ 1/2 

that E n +i (u) < 0. By Corollary 13 . 1 1 we see u = c- l + k € r . Using |3l]), we 
see c = 1, £ = N. In particular, Ui (S) — > 1 as i — > oo. Denote 

u t (S) 
(iV) 
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Using the notations in Corollarv l2.2l and the beginning of Section [21 we let 

/ \ 1/2 

/ i + a 2 m 2 \ 

Vi = KW, X< = —j ; ' ui o a N , Xi . 

\Ai ^1 + KjvI J / 

Then is still a minimizing sequence for I n +i with i>j (Af) = Uj (S 1 ). Let = 
maxs" fj, = ^7-, then u>i is a minimizing sequence and after passing to a subse- 
quence, we may find awe H~^~ (S n ) such that Wi w in H~^~ (S n ). We claim 
w > 0. Indeed, if this is not the case, then for some £ € S n , to (£) = 0. Argue 

/ 2 \~ 1/2 

as before we see w = ( 1 + \tt^\ J . Since u> (5 1 ) = w (AT), we see £ ^= N 7 S. In 
particular, 

On 5"\{5,A^}, we have 

^(AT) / I + AHttatI 2 



y < (l + IttatI 2 ) 

/ -2 2 \ 1 / 2 

Ui(S) I \ +\tt n \ \ w (S) \ir N \ 



Vi-JXi \ 1 + |7T«| 2 / ,2\ 1/2 ' 



^ I (i + M 2 )" 



this implies ra > on S" and contradicts with our assumption. Hence w > and 
it is a minimizer. 

Assume u is a minimizer for I n +\ in Vn+i , then for some positive constant c, we 

2 

have 

it S C°° (S n ) , u > and P n+1 u = -cu" 2 ™" 1 on S™. 

Using the Green's function of Pi m written down at the end of Section 12.11 we see 
for some c > 0, 

u (0 = c [ U{0 ^ -^ dfis* (C) for any £ G S n . 

7s "(i + MC)l 2A " 

Let 



then 

(tt^ 1 )* (u~ 4 9S ") = « 



Moreover, it follows from the integral equation of u that for some c > 0, 

v{x)=cj \x-y\v(yY 2n ~ 1 dy. 

It follows from theorem 1.5 of [Li (proved by the method of moving spheres, a 
variation of the method of moving planes |GNN| , see also [CLOj for the method of 
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moving planes for integral equations) that 



v (x) — c 



l + A 2 |x-x | 
2A 



1/2 



for some c > 0, A > and xo G R". It follows that for some Mobius transformation 

4> on S n , we have u = cJ^ 2 ™ . Using Corollary 12.21 we see that Z n+ i (cJ^ — 

I n +i (1)- Hence 1 is a minimizer of I n +i and all the minimizers are of the form 
i_ 

cJ^ 2 " for some Mobius transformation ip. □ 

3.2. n is odd and m = The argument for the part (ii) of Theorem ll.il goes 

along the similar line as for part (i). We will only explain when the proof is different. 
First we have 

Lemma 3.2. Assume n is odd and u G H * (S n ) such that u(N) =0 and 
du (N) = 0, here N is the north pole of S n , then we know 



1+ xl 



3/2 



« i^N 1 (*)) G L 2 (R n ) 



and 



E„+3 (u) 



D~ 



l + \x\ 



3/2 



■ u {^N ( X )) 



dx. 



Similar to Lemma [3.1l this lemma follows from an approximation argument using 
Proposition 12. II and Lemma [2~2l 



Corollary 3.2. Assume n is odd, u G ff-r- (S n ) , u > and £ G S n such 
that u (£) = 0, then E n +3 (u) > 0. Moreover, E n +$ (u) = if and only if u — 



const • 



-3/2 



Proof. Without losing of generality, we may assume £ = JV. Since u G H 2 (S n ) C 
C 1 ' 1 / 2 (S"), we see du(N) = 0. It follows from Lemma O that E n+3 (u) > 0. 
Moreover, if E n +3 (u) = 0, then 

,2\ 3 / 2 

• u (tt^ 1 (a:)) I = 0. 



D 



i±3 / / 1 + \X\ 



This implies \ ■ u (tt^ (x)) must be a polynomial. Since 



when \x\ is large, we see 

( 1 + M 



3/2 



u (vr^ 1 (x)) 



< c(w) |x| 3/2 



2X 3/2 



(^jv 1 ( x )) = c o + S ^c i x i . 



i=l 
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It follows from the fact u > that Co > and a — for 1 < i < n. Hence 

»-«[—) ■ 

□ 

Sketch of the proof of part (ii) of Theorem ] 1. 11 The key point is to show the mini- 
mizing value -B n +3 (S™) is reached at some function, then one may use the theorem 
1.5 of [Li] (see also closely related results in |CLO| ) and Corollarv l2.2l to conclude 
that u = 1 is a minimizer. 

Let Ui be a minimizing sequence for I n +3 in Vn+3 , by scaling and rotation we 
may assume 

maxu, = 1 and minu^ = (N) . 

Then since 

\ u i 1 \L ! &(S») En + 3 ( u< ) - c ' 
we see E n+3 (itj) < c. By coercivity we see \ui\ n+3 < c. After passing to a 

subsequence, we may find au£ (S n ) such that m u in #■"3" (S" 1 ). Then 

Ui —t u uniformly. We have u > and 

(3.2) maxu = 1, minu = u (N) . 

If u > 0, then it is a minimizer as before. 

If =0 for some £ G 5™, then since u > and u € C 1,1 / 2 (S" 1 ), we see 

du (£) = and 

KOI <c( u )d5"(C,6 3/2 forces". 

Here ds^ (C, is the geodesic distance on S™ with standard metric. This implies 
2n, , = oo. It follows from Fatou's lemma that 



lLT(S" 



00 = l^ 1 |L¥(5")^ lim ^£l^ 1 | L ¥(S") 



hence |tt^ j^^. n — » oo as i — ■* oo. Using lower semicontinuity we see E (u) < 0. 



It follows from Corollary 13.21 that 

-3/2 



(i + kl 2 )' 



In view of Q3.2p . we see c = 1 and £ = N, hence u = 1 1 + | 7Tjv | ) ■ Now we may 
proceed to renormalize the minimizing sequence as in the proof of part (i) . □ 

3.3. n is odd and m > ^y^- The arguments presented in the previous two sub- 
sections do not work well for the case when n is odd and m > The main 
problem is that we do not get enough "vanishing condition" when the weak limit 
of minimizing sequence touches zero. This looks like a technical point. But in fact, 
it is essential, we will show no minimizer exists at all when m becomes this larger. 

Proof of part (Hi) of Theorem \l.l[ First we observe that it follows from theorem 
1.5 of [Li] (see also closely related results in |CLOj ) that any critical point of J 2m 



over V m must be of the form cJ^ 2 ™ for some c > and Mobius transformation <j>. 
In view of Corollary 12.21 to show all of them are unstable, we only need to show 
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u = 1 is unstable. Calculation shows the second variation of l2m at u = 1, namely 
H, is given by 

, 2m + n / 2 4m P 2m l ( f 

zm — n j sn zm — nfis n \d ) \J s n 

for any </? S -ff m (S 1 ™)- The corresponding self-adjoint operator is given by 

2m + n 4m P2m 1 f 

Acp = PimV + 7, P2m\ ■ V - / yrfMS" ■ 

2m — n 2m — n [is n (,<-> ) J s n 

When m — is even, let h 2 be any harmonic homogeneous polynomial of 
degree 2, then 



■in rn — z 

Ah 2 = 2m\{(l + i) J] ("-*') ^ 



i=0 

It gives us a negative eigenvalue. 

When m — is odd, let /13 be any harmonic homogeneous polynomial of degree 
3, then 



Ah 



3 



71 \ / n r,\/ n _\ / n 

m H hi) I to H h 2 — to ■ 



n(?+«)n( 



2 / V 2 / V 2 / V 2 

m— 3 



i=0 i=l 

Again, it gives us a negative eigenvalue. □ 

3.4. n is even. The case when the dimension is even is very different form the odd 
dimension. In fact, in this case, the variational problem (|1.2|) becomes trivial. 

Proof of part (iv) of Theorem ] 1 . 1\ . This follows from the formula of P 2m (cf. Lemma 
I2.2[) and the fact that the eigenvalues of — As- are given bya(a + n-l),aeZ + , 
with corresponding eigenfunctions given by harmonic homogeneous polynomials of 
degree a. □ 

4. Another approach to Theorem 11.11 

In deriving an upper bound for the eigenvalue of an arbitrary metric on S 2 , 
Hersch used the conformal invariance property of the Dirichlet energy to choose 
suitable test functions through a trick which became popular later and is known as 
the barycenter analysis (see pi 42 of |SY] ) . Such kind of trick was used in [ACWj 
for the proof of (|1.7[) and more recently in |NZ] for (|1.8|) . In this section, we will 
combine this trick with Lemma 13.11 and 13.21 to give another approach for Theorem 

For any a € -B™ + , we have a smooth diffeomorphism from B x to itself given 
1 - \a\ 2 ) z - ( \z\ 2 - 2a ■ z+ l) a 



by 



a a (z) — — '-t. — for z e B? + . 

\a\ 2 \z\ 2 -2a- z + 1 1 
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Note that a a (a) = 0, a a 1 = er_ a and for a^O, 

Cral » = cr a i- 



a «" 



Let 2m > n, u G C(5™,R) be a strictly positive function. For a £ £?™ +1 , let 
?V Q = Ja a 2n ■ u o a a and C (a) = J s „ u„ a (C) C^S™ (C)> then 



C(o) = (2A)^- / «((7„(0) 



S" 

here A = \ , M . In particular 



C • a , 2 A C ' a 
1 - T-r + AM 1 + -V-r 



a 



(2A)— C(a)-» / W (-£)(l-C-0~CdMS"(C) = -c(m,n) M (-£K 



WO 



as a — > £ e S*™. Since C is continuous on -B™ +1 , it follows from winding number 
argument that for some a € -B" , C (a) = 0. 

Now we may sketch a somewhat different argument for part (i) and (ii) of The- 
orem [TTTJ We restrict ourselves to part (i) since the argument for part (ii) is very 
similar. Let it, be a minimizing sequence for I n +i over Vn+i , we may find Oj € _B™ + 

such that J* gn (tif) . oj (C) (dfis™ (C) = 0. Since I n+l (ui) = /n+i (("iJ^J 
may assume J s „ iij (£) ^d^s n (C) = 0. By scaling and rotation we may also as- 
sume maxgn = 1 and mins^ Ui = Ui (N). The same argument as in Section [3] 
shows for some u 6 H~r (S n ), we have Uj — 1 u in H 11 ^ (S n ). We only need to 
show ii > on 6 1 ". If it touches zero somewhere, then as in Section [3J we see 

9 \-l/2 

1 + \ttn\~ ) ■ On the other hand, it follows from J s „ Uj (Q C^Ms™ (0 = 

that J gn u (C) (dfis™ (C) = 0. But J* gn ^1 + |7Qv (C)| 2 ) C 7^ 0, this gives us a con- 
tradiction. Hence u never touches zero and it must be a minimizer. The remaining 
argument is the same as in Section [3j 

5. Further remarks 

Recently in |NZ] . an argument for (|1.8[) is given based on the observation that 
P4 is positive definite on the L 2 orthogonal complement of the restrictions of linear 
functions on S . Such kind of argument works in higher dimension for part (ii) of 
Theorem II .11 too. Indeed, we note that if n is even, then 




P n+ ,= [-& Sn -—-L) (_A S „-^_J-] || ( _ As „ + ( l + ^) (j^-i 

Using the fact that the eigenvalues of — Ag™ are given by a (a + n — 1), a £ Z+, 
with corresponding eigenfunctions given by harmonic homogeneous polynomials of 
degree a, we see P n +z is positive definite on the L 2 orthogonal complement of 

linear functions. Assume u- t £ Vn+3 is a minimizing sequence of I n +3- Without 

2 

losing of generality, we may assume maxgi. Ui = 1 and m is perpendicular to linear 
functions. By the arguments in Section [3J we may find u 6 (S n ) such that 

iii — ^ u in H~i~ (S n ). If u touches somewhere, then as in Section |3j we know 
E n +3 (u) < and maxs» u = l. This contradicts with the fact that P n +3 is strictly 
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positive definite on the orthogonal complement of linear functions. Hence u does 
not touch zero and it is a minimizer. 
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